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Abstract
We present an anisotropic metric that reduces to the Friedmann
open metric for nearby distances. In the epochs when radiation or
dust matter dominate the energy density, the solution is similar to the
isotropic one. At large times, the solution is dominated by a decaying
positive cosmological term, with negative pressure, and necessarily
describes a quasi-flat open universe if the energy conditions have to
be satised.
1 Introduction
In this paper we will present some anisotropic cosmological solutions to Ein-
stein equations that, in addition to their possible mathematical interest, can
also be considered relevant from a physical point of view. During the radi-
ation or matter dominated eras, the solutions are similar to those obtained
in the isotropic case. But, for large times, the dominant energy conditions
lead, in a natural way, to an evolution law that is characteristic of a positive
cosmological term, with a negative average pressure.
As we will argue, these solutions are compatible with our observed uni-
verse and can be regarded as anisotropic extensions of the usual solutions of
the Friedman-Lemaitre-Robertson-Walker (FLRW) open metric. By aniso-
tropic extension we understand the following. First, the open metric to be
considered reduces, in the nearby approximation, to the FLRW open met-
ric. Second, the solutions to be obtained lead to the same expression for
the energy evolution in the limit of very short times as in the corresponding
isotropic case. Besides, in spite of the fact that the distribution of pressures
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is in general anisotropic, we recover an approximately isotropic distribution
in this limit of small times.
Therefore, in our case the anisotropy seems to be important only in what
concerns global aspects of the geometry and dynamics of the Universe. We
will explore one of these aspects: the connection between anisotropy and the
observed quasi-flatness of the Universe. We will show that, for our solutions
to satisfy the dominant energy conditions, namely, positivity and causal flux
of energy, the relative energy density (i.e., the energy density relative to the
critical one) must tend to a constant value larger than 0:3. In addition,
this value must be smaller than the unity, because we are considering an
open metric. Then, in this anisotropic open scenario, the energy conditions
maintain the energy density near the critical value, providing in this manner
a possible explanation for the observed quasi-flatness.
The existence of anisotropic scenarios that respect the isotropy of obser-
vations was already pointed out by other authors [1, 2]. The purpose of this
paper is to explore this possibility and, in addition, show that the introduc-
tion of anisotropy may help us in elucidating some unsolved problems that
are related to global aspects of the Universe.
2 Anisotropic metric
The anisotropic metric that we will consider is of G2 type [3] and is given by
ds2 = a2()(d2 − d2 − sinh2 d2 − dy2); (1)
where  is the conformal time and ,  and y are spatial cylindrical coordi-
nates.
It is easy to show that, for nearby distances, this metric reduces to the
open FLRW metric. Indeed, using the transformations
sinh  = sinh  sin ;
y = sinh  cos ; (2)
relating cylindrical and spherical coordinates, we obtain in the nearby ap-
proximation, up to subdominant terms in sinh ,
ds2  a2()[d2 − d2 − sinh2 (d2 + sin2 d2)]; (3)
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which is precisely the open FLRW metric in spherical coordinates [4].
















R22 = R11 sinh
2 ; R33 = R11 + 1 (4)










Here, we have implicitly used the notation x0 = , x1 = , x2 = , and
x3 = y.
Substituting these results in the Einstein equations
R − 1
2
gR = T ; (6)










As expected for an open metric, Eq. (7) leads to Ω < 1, where Ω  =3H2
is the relative energy density, H  _a=a2 being the Hubble parameter dened
in conformal time.
On the other hand, the Einstein equations for the metric (1) imply that all
non-diagonal components of the energy-momentum tensor T must vanish.









2 − 1: (9)
Therefore, we obtain an anisotropic distribution of pressures, as should
be in the case of an anisotropic metric. Nevertheless, we will show in the next
section that, in the initial stages of the evolution, the pressures distribution
is approximately isotropic, the smaller the scale factor a, the smaller being
the anisotropy relative to the average pressure.
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3 Cosmological solutions
In the radiation dominated era, the energy density obeys the conservation
law
a4 = a20; (10)
where a0 is a constant. Indeed, the energy density of radiation is given by
 = N, where N is the number of photons per unit volume and  is the
photon frequency. As the Universe expands, N decreases with the volume,
that is, as a−3, while the photon frequency decreases as a−1, owing to cosmic
redshift. Hence, Eq. (10) follows.
Substituting such a conservation law in Eq. (7) we get, up to an integra-
tion constant that provides the origin of time,
















(a2 + 2); (12)
so that one arrives at the average pressure p = =3, which is the equation of
state expected for radiation.
Upon integration of the equation dt = ad, which denes the cosmological













Then, for   1, we have a = (2a0t=
p
3)1=2 and, from Eq. (10), it follows
that  = 3=4t2. This is the same expression obtained in isotropic cosmologies
in the limit of small times [4].
On the other hand, for a ! 0, Eqs. (10) and (12) give pi  p = =3,
i = 1; 2; 3, that is, for early times the pressure distribution is isotropic up to
higher order corrections.
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As pressure and energy density decrease, the radiation dominated era
evolves until matter and radiation decouple from each other and one enters
a matter dominated epoch characterized by the evolution law
a3 = 2a1: (14)
Here, a1 is a constant, because, for non-relativistic matter, the energy density











where we have absorbed an integration constant by a suitable shift in the
origin of conformal time .










whose average yields the equation of state for dust matter, p = 0, as expected.
Hence, the evolution of this universe since the initial, radiation dominated
epoch until the matter dominated one is similar to that predicted by the
open isotropic model, except for an anisotropy in the pressure distribution,
anisotropy that is negligible at early times and that, for large times, is as
small as the pressures themselves.
However, there is an important dierence with respect to the isotropic
case. In the matter dominated era, the energy density falls as a−3, while the
pressures decrease as a−2. So, for large times, the magnitude of the pressures
would become larger than the energy density and, consequently, the dominant
energy conditions [5]   jpij would not be fullled. It is possible to prove
that, for the energy conditions to be satised at present, the relative energy
density should be larger than or equal to 0:4, but, even so, these conditions
would be violated sooner or later in the future.
Therefore, in this anisotropic scenario, the dust era should be followed
by an epoch in which the energy density falls more slowly than a−3. The
pressure evolution laws (16) suggest considering the conservation law
a2 = 3b2 − 1 = constant; (17)
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where b is a positive constant introduced for mathematical convenience (the
possibility that b be negative would correspond to a contracting universe and
will not be studied here).
Substituting this conservation law in Eq. (7) gives _a=a = b, which leads
to the solution
a = eb = bt: (18)
The Hubble parameter is now given by H = b=a and, for the relative












2 = 1− b2: (20)
For the average pressure, we then get p = −=3, an equation of state cor-
responding to a (decaying) positive cosmological term. In this sense, it is
interesting to note that, for a cosmological term varying with time, the con-
servation law a2 = constant has also been suggested on the basis of quantum
cosmology considerations [6].
It is easy to see that the dominant energy conditions   jpij [5] are now
fullled provided that b2  1=2. From (19), one can see that this corresponds
to the condition Ω  1=3  0:3. On the other hand, it is possible to check
that, for the radiation and matter dominated epochs, the relative energy
density decreases monotonically, which means that the bound obtained above
is a lower limit for Ω at all times. So, the energy conditions impose a lower
bound on the relative energy density, maintaining the Universe in a quasi-flat
conguration.
The conservation law a2 = constant is also compatible with Einstein
equations in the isotropic case. For the open FLRW metric, instead of Eq.




( _a2 − a2): (21)
Substituting a2 = 3(b2 − 1), it is easy to arrive once more at the evolution
law (18). In addition, the spatial Einstein equations give p = −=3, cor-
responding again to a (decaying) positive cosmological term. In this case,
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however, although the energy conditions are satised only if b  1, no posi-
tive lower bound is imposed on the relative energy density, contrary to what
happens in the anisotropic case.
More generally, it is possible to prove that the conservation law demand-
ing that a2 be a constant leads to Eq. (18) for all (open, flat and closed)
metrics, in both isotropic and anisotropic cases (actually, in the flat case
the anisotropic metric reduces to the isotropic one). Remarkably, however,
it is only in the open anisotropic case that the energy conditions impose a
quasi-flat conguration.
Let us also note that the anisotropic model presented in this paper does
not exclude the possibility of an inflationary phase in the cosmic evolution.
Indeed, if we add a dominant, positive cosmological constant to the left hand
side of Eq. (7), we obtain an exponential evolution law for a(t). Actually,
the introduction of a typical cosmological constant (or, alternatively, the
introduction of an energy density falling more slowly than a−2) in Einstein
equations would be needed if recent claims about the observation of a positive
cosmic acceleration were conrmed [7, 8]. As we have shown, a cosmological
term decaying as a−2 leads to the solution (18), for which the deceleration
parameter is exactly zero.
4 Further remarks
We have presented some new anisotropic open cosmological solutions of Ein-
stein equations. Apart from their possible mathematical interest, these solu-
tions are compatible with the isotropy observations that support the standard
isotropic models, in the sense that our anisotropic metric reduces to the open
FLRW one in the limit of nearby distances and that all processes which oc-
curred at the initial stages of the Universe evolution should be aected only
by higher order corrections. The anisotropy corrections and their eects on
observations should be investigated in more detail, in order to compare their
values with the empirical bounds. This will be carried out elsewhere.
In addition, the anisotropic context presented here provides a possible
explanation for the observed quasi-flatness of the Universe. If our universe
is open and its expansion is anisotropic, the energy conditions turn out to
impose a positive lower bound on the energy density, bound which is close
to the critical value. As we have commented, this kind of restriction on the
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relative energy density, arising from the energy conditions, is absent in other,
isotropic or non open solutions.
An important question to be claried is the origin of the anisotropy.
Why should the Universe evolve in an anisotropic way? A possible answer
can be based on the existence of an initial rotation, not observable nowadays
because, since our universe is considerably large, the conservation of angular
momentum would lead to a very small angular velocity at present.
An alternative origin for an anisotropic expansion was considered in a
previous work [9]. In that reference, a dierent model for cosmological evo-
lution was presented which postulates the existence of an initial Go¨del phase
and oers a possible explanation for the observed relation between masses
and angular momenta of galaxies. In fact, the anisotropic metric (1) can be
obtained from the more general one
ds2 = a2()f[d +  sinh2(=2)d]2 − (d2 + dy2 + sinh2 d2)g (22)
in the particular case  = 0. This general metric has a Go¨del-like form, that
reduces to the Go¨del line element [10] when  = 2
p
2 and a() is a constant,
given by a2 = 1. Hence, the following scenario seems to be possible: a
phase transition leading from a primordial Go¨del universe to the expanding,
anisotropic one described by metric (1). During the phase transition, half of
the initial energy is used to compensate the negative cosmological constant
present in the Go¨del model, given by a2 = −1=2. After the phase transition,
we then have a2 = 1=2, relation which allows us to match the original Go¨del
universe with our last solution (17)-(18) for b2 = 1=2, that is, for Ω  0:3.
In this way, the scale factor a changes continuously in the whole evolution,
and the dominant energy conditions are satised.
In the above match, the value of the radius of the primordial universe is
a free parameter, contrary to what occurs in the match considered in Ref.
[9] (there, the Go¨del phase is matched with the dust solution (14)-(15), and
the radius of the primordial Go¨del universe is xed by the present values of
the energy density and Hubble parameter). Moreover, the decaying, positive
cosmological term characteristic of the expanding phase can be shown to
arise naturally from the scalar eld transition described in [9], in which a
self-interaction potential, initially at a negative minimum (corresponding to
the negative cosmological constant present in the Go¨del solution), crosses a
positive maximum and rolls down to zero.
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Evidently, this scenario cannot be considered complete without a more
detailed description of the transition process, which will be analyzed in a
future investigation. As discussed in Ref. [9], a careful study of the phase
transition could shed light on issues such as primordial nucleosynthesis or
the origin of the cosmic background radiation, issues that, otherwise, would
remain unexplained in this alternative scenario.
Finally, a last remark is in order, concerning the causal structure of the
spacetime described by metric (1). The identication of this metric as a
specic case of the Go¨del-like metric (22) might lead us to expect causality
problems like those characteristic of the Go¨del metric, owing to the existence
of closed timelike curves. Nevertheless, it is possible to show that this is not
the case. Indeed, Eq. (1) can be rewritten as a particular line element in the
set of Bianchi III metrics [11]
ds2 = a2()[(d + hdy)2 − (dx2 + e2xdy2 + dz2)]; (23)
where h = 2!ex=,  and ! being real constants. The condition   2!
ensures that this metric describes a causal spacetime [11]. It can be readily
seen that metric (1) corresponds in fact to the case  = 1 and ! = 0, so
that it does not suer from the kind of causality problems that appear in the
Go¨del universe.
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